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1. (a) Consider any y = (y1, . . . , ym) ∈ C∗1 × · · ·C∗m. Then for any x = (x1, . . . , xm) ∈
C1 × · · · × Cm, we have 〈xi, yi〉 ≤ 0 for i = 1, . . . ,m, since xi ∈ Ci and yi ∈ C∗i .
Thus,

〈x, y〉 =
m∑

i=1

〈xi, yi〉 ≤ 0,

because each term in the sum is nonpositive. Since x ∈ C1×· · ·×Cm was arbitrary,
y ∈ (C1 × · · · × Cm)∗. Since y ∈ C∗1 × · · ·C∗m was arbitrary, C∗1 × · · ·C∗m ⊆
(C1 × · · · × Cm)∗.

For the reverse inclusion, consider any y = (y1, . . . , ym) 6∈ C∗1 × · · · × C∗m. This
means that for at least one i ∈ {1, . . . ,m}, we have yi 6∈ C∗i . This in turn
means that there exists xi ∈ Ci such that 〈xi, yi〉 > 0. Consider now the vector
x = (0, . . . , 0, xi, 0, . . . , 0), where the nonzero entry is in the ith position. Since
the Cj, j 6= i, are cones, they contain 0, and so x ∈ C1 × · · · × Cm. But then we
have 〈x, y〉 = 〈xi, yi〉 > 0, so y 6∈ (C1 × · · · × Cm)∗. Thus, in view of the above
inclusion, C∗1 × · · · × C∗m = (C1 × · · · × Cm)∗.

(b) Consider any y ∈
⋂

i∈I C
∗
i . For any x ∈

⋃
i∈I Ci, there must exist j ∈ I such that

x ∈ Cj. Since we must have y ∈ C∗j , we have 〈x, y〉 ≤ 0. This logic establishes that⋂
i∈I C

∗
i ⊆

(⋃
i∈I Ci

)∗
. Now consider any y 6∈

⋂
i∈I C

∗
i . Then there exists j ∈ I

such that y 6∈ C∗j , which in turn means there exists x ∈ Cj such that 〈x, y〉 > 0.

Since this x is in
⋃

i∈I Ci, it follows that y 6∈
(⋃

i∈I Ci

)∗
. It then follows that⋂

i∈I C
∗
i =

(⋃
i∈I Ci

)∗
.

(c) Consider y ∈ C∗1∩C∗2 , and any x ∈ C1+C2. Now, we must have x = x1+x2, where
x1 ∈ C1 and x2 ∈ C2. Since y ∈ C∗1 , we have 〈x1, y〉 ≤ 0, and since y ∈ C∗2 , we also
have 〈x2, y〉 ≤ 0. Therefore, 〈x, y〉 = 〈x1 + x2, y〉 = 〈x1, y〉 + 〈x2, y〉 ≤ 0 + 0 = 0,
and y ∈ (C1 + C2)

∗. Thus, C∗1 ∩ C∗2 ⊆ (C1 + C2)
∗. Next, consider y 6∈ C∗1 ∩ C∗2 .

Then for either i = 1 or i = 2, we have y 6∈ C∗i . There must then exist some
x ∈ Ci with 〈x, y〉 > 0. But this x is also in C1 + C2 (just add the vector 0 from
the other cone), and so y 6∈ (C1 + C2)

∗. So, C∗1 ∩ C∗2 = (C1 + C2)
∗.

2. There is a nearly trivial proof based on the polar cone theorem: if there does not exist
an a ∈ K∗ with 〈a, z〉 > 0, then 〈y, z〉 ≤ 0 for all y ∈ K∗, which means that y ∈ K∗∗.
Since K is nonempty and closed, the polar cone theorem asserts that K∗∗ = K, so
z ∈ K, contradicting the hypothesis.

There are several alternative approaches using more basic principles. Here is one:
since K is a closed convex set, there exists some a ∈ Rn\{0} and b ∈ R such that
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〈a, z〉 > b and 〈a, x〉 ≤ b for all x ∈ K. Since 0 ∈ K, we must have 0 = 〈a, 0〉 ≤ b,
and thus 〈a, z〉 > 0. Furthermore, if there were any x ∈ K such that 〈a, x〉 > 0,
then for sufficiently large α > 0 we would have αx ∈ K and 〈a, αx〉 = α〈a, x〉 > b, a
contradiction. So we know 〈a, x〉 ≤ 0 for all x ∈ K, that is, a ∈ K∗.

3. We start by reasoning similarly to part (c) above. Take any y ∈ C∗1 + C∗2 . Then
y = y1 + y2, where y1 ∈ C1 and y2 ∈ C2. Now consider any x ∈ C1 ∩ C2. Since
x ∈ C1 and y1 ∈ C∗1 , we have 〈x, y1〉 ≤ 0. Since we also have x ∈ C2, we similarly have
〈x, y2〉 ≤ 0. We then calculate 〈x, y〉 = 〈x, y1 + y2〉 = 〈x, y1〉+ 〈x, y2〉 ≤ 0 + 0 = 0. We
then conclude that C∗1 +C∗2 ⊆ (C1 ∩ C2)

∗. In general, we may not know that C∗1 +C∗2
is closed, but since (C1 ∩ C2)

∗ must be a closed set and contains C∗1 + C∗2 , it certainly
also contains cl(C∗1 + C∗2).

For the opposite inclusion, consider some z 6∈ cl(C∗1 + C∗2). Because cl(C∗1 + C∗2) is
a closed convex cone, we may invoke problem 2 to conclude that there exists some
a ∈ [cl(C∗1 + C∗2)]∗ such that 〈a, z〉 > 0. Now, as shown in class, (clX)∗ = X∗ for any
set X, so

a ∈ (C∗1 + C∗2)∗

= C∗∗1 ∩ C∗∗2 [by problem 1(c)]

= C1 ∩ C2 [by polar cone theorem, since C1, C2 are closed convex cones].

Since 〈a, z〉 > 0 and a ∈ C1 ∩ C2, z 6∈ (C1 ∩ C2)
∗. We conclude that (C1 ∩ C2)

∗ =
cl(C∗1 + C∗2).

4. (a) Suppose {xk} ⊆ K is a convergent sequence whose limit is x. Then Axk → Ax,
and since Axk ∈ C for all k and C is closed, we have Ax ∈ C. Therefore, x ∈ K,
and we can deduce that K is a closed set.

Take any x ∈ K and α ≥ 0. Then A(αx) = α · (Ax) ∈ C, because Ax ∈ C and C
is a cone. This establishes that K is a cone.

Finally, take any x1, x2 ∈ K Then A(x1+x2) = Ax1+Ax2 ∈ C because Ax1, Ax2 ∈
C and C is a convex cone. Since we already established that K is a cone, it must
be convex.

(b) Suppose z ∈ P and α ≥ 0. Then z = A>y for some y ∈ C∗; since C∗ is a cone,
αy ∈ C∗ and thus A>(αy) = αA>y = αz ∈ P . This establishes that P is cone. It
follows that clP is also a cone (I omit the proof, but it is very simple).

Consider any x ∈ K and z ∈ P . Then z = A>y for some y ∈ C∗, and 〈x, z〉 =
〈x,A>y〉 = 〈Ax, y〉 ≤ 0, the last inequality following from Ax ∈ C and y ∈ C∗.
This establishes that P ⊆ K∗. Since K∗ must be a closed set and contains P , we
also have clP ⊂ K∗.

For the reverse inclusion, consider any z 6∈ clP . From problem 2, there must
exist q ∈ (clP )∗ = P ∗ such that 〈q, z〉 > 0. Since q ∈ P ∗, we have 〈q, w〉 ≤ 0 for
all w ∈ P , that is, 〈q, A>y〉 ≤ 0 for all y ∈ C∗. Equivalently, 〈Aq, y〉 ≤ 0 for all
y ∈ C∗, which means Aq ∈ C∗∗ = C (because C is a closed convex cone). From
the definition of K, this means q ∈ K, and since 〈q, z〉 > 0, we therefore have
z 6∈ K∗. Thus, we have clP = K∗.
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(c) We have just established clP = K∗. We then have

P ∗ = (clP )∗ = K∗∗ = K.

The justifications for the above three equalities are, respectively,

• X∗ = (clX)∗ for any set X

• Taking the polar of both sides in clP = K∗

• The polar cone theorem, since K is closed and convex.

5. (a) We start by considering the case n = 1, in which case K = [0,∞). Then
K∗ = {y ∈ R | xy ≤ 0 ∀x ∈ [0,∞)} = (−∞, 0] = −K. For n > 1, we note that
K = [0,∞)n, and so problem 1(a) implies that K∗ = ([0,∞)n)

∗
= ([0,∞)∗)n =

(−∞, 0]n = −K.

(b) First, we note that

−K = {−(x,w) ∈ Rn × R | w ≥ ‖x‖}
= {(y, z) ∈ Rn × R | −z ≥ ‖−y‖}
= {(y, z) ∈ Rn × R | z ≤ −‖−y‖}
= {(y, z) ∈ Rn × R | z ≤ −‖y‖} .

Now consider any (x,w) ∈ K and (y, z) ∈ −K. Then

〈(x,w), (y, z)〉 = 〈x, y〉+ wz

≤ ‖x‖ ‖y‖+ wz [by the Cauchy-Schwarz inequality]

≤ ‖x‖ ‖y‖ − ‖x‖ ‖y‖ [since w ≥ ‖x‖ and z ≤ −‖y‖]
= 0.

Thus, we conclude that −K ⊆ K∗. Now consider any (u, v) ∈ (Rn × R)\(−K).
Then we must have v > −‖u‖. We now distinguish two cases:

• u = 0: In this case, v > 0. Considering the vector (0, 1) ∈ Rn × R, we have
〈(0, 1), (u, v)〉 = v > 0. Since (0, 1) ∈ K, we conclude that (u, v) 6∈ K∗.
• u 6= 0: Consider the vector (u, ‖u‖) ∈ K. Then

〈(u, v), (u, ‖u‖)〉 = ‖u‖2 + ‖u‖ · v
> ‖u‖2 − ‖u‖2 [because v > −‖u‖ and ‖u‖ 6= 0]

= 0.

Since (u, ‖u‖) ∈ K, we conclude that (u, v) 6∈ K∗.
Combining these two cases and that we have already proved −K ⊆ K∗, we must
have −K = K∗.
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