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Solutions to Homework 5

1. Let Z={2 € R" | Ax =0}, and define the following convex funtions

fo():f<)
if h; .
fi(x) = drom,)(x) = {Jr’oo 1fhjg§§8 j=1...r
Az =0
Jria(@) = dz( if Az £b
f?‘+2 —5X :{ ii;?)

Note that (fo + -+ + fri2)(z) = 400 if = violates any of the constraints in (1), and
otherwise (fo+- -+ fra2)(z) = f(z). Therefore, solving (1) is equivalent to minimizing
fo+ -+ + frio over R™, or equivalently solving

0€d(fo+ -+ frea)(x).
Note that
ridom fy = ridom f
ridom f; = {z € R" | hj(z) <0} j=1...,r (as proved in class)
ridom f,y =1iZ =27 (since Z = aff 7)
ridom f, o = 1i X.
The point T stipulated in the assumption lies in all these sets, and so we have
ridom fo Nridom f; N---Nridom f, 4o # 0,
The Rockefellar-Moreau theorem then guarantees that
fo+ -+ fre2)(@) = 0fo(x) + -+ + Ofrsa2(z)
for all z € R", and so a necessary and sufficient condition for x* to be optimal is
0€0fo(x") + -+ Ofrsa(a”).

We also proved in class that

{O}, if h](x) <0
ofw) = { {uVf) | p>0}, if hyx)=0
@, if hj(l'> >0

o= 1R



2.

Finally, we know from the previous homework that Jf, 2(z) = 00x(x) = Nx(z).
Rewriting the expression for df;(z) as

0fi(x) = {u;Vf(x) | pj =0, pih;(z) =0},

we have that 0 € 0fy(z) + - -+ + O0f,12(2*) if and only if it satisfies all the constraints
in (1) and

0€0f(z +Z{M3Vf ) | pj =0, pihi(a") =0} +{AA [ A€ R™} + Nx().

This means in turn that there must exist y* € R™ and \* € R™ with u* > 0, p3hj(r) =0
forj=1...,r, and

0€df(x +Zu]Vf )+ ATA" + Nx(z).

This condition, coupled with feasibility with respect to all the constraints, is exactly
what was to be proved.

(a) Suppose z € K and take any y € Ng(z). Since K is a convex cone, we have
r+z € K for all z € K. By the definition of Ng(z), we must then have

(y,(x+2)—z)=(y,2) <0 VzeK.

Thus, we must have y € K*. Since K is a cone, we also have 0 € K, and so,
again by the definition of Nk (z), we also have (y,0 —x) = —(x,y) < 0, that is,
(x,y) > 0. Since y € K*, we also have (x,y) < 0 and thus (x,y) = 0. Since
y € Ni(z) was arbitrary, we have Ng(z) C{y € K* | (z,y) =0}.

Conversely, take any y € K* with (z,y) = 0. Then, for any z € K, we have

<y,Z - ZL’) = <y7 Z> - <y,l’>
= (y, 2) (because (z,y) = 0)
<0 (because y € K* and z € K)

Therefore, y € Nk (x) and we have {y € K* | (x,y) =0} C Ng(z). In view of
the opposite inclusion proved above, Ni(z) = {y € K* | (z,y) =0}.

Next we observe that since K is convex, Tk(x) = [Ng(z)]*. Also, we can write
Nk (z) as the intersection of two cones, specifically Ng(x) = K* N L, where we
let L = {yeR"| (z,y) =0}, which is in fact a linear subspace. Note that
L*=L"={azr | a € R}

In homework 3, we proved that for two nonempty cones C7,Cy C R", we have
(Cy+ Cy)* =Cyn ;. If € and Cy are convex, we then have

(CTNCH = (C1+ Cy)™ (taking the polar of both sides above)
= clconv(Cy + C3)  (by the polar cone theorem)
= cl(C} + Cy) (because C} and C are convex).



Substituting C; = K and Cy = L*, whence Cj = (L*)" = (L*)" = L, we obtain
Ti(z) = [Ng(z)]" = (K*NL)" = (C]NC5)" =cl(Cy + Cy) =cl(K + LH).
Thus,

Tk(x) =cl(K + L")
=cl(K +{ax | a €R})
=cl(K +{ax | «a <0}) (positive multiples of = are already in K)
=cl(K —{ax | a>0}).

We would like to compute the cone of feasible directions Fyz(z) to Z at some
x € Z. The members of Fz(x) are vectors d € R™ such that for all sufficiently
small 6 > 0, x + dd € Z, that is,

Alx +dd)—be K & (Az —b)+0Ad € K.
In other works, Ad € Fx(Axz —b). Since Z is convex,

Nz(z) = [Fyz(z)]"
={deR" | Ad € Fx(Az —b}"
=cl{A"\ | A€ [Fx(Ax —Db)|"} (by homework 3, problem 4(b))
=cl{A"A | A€ Ng(Az —b)} (since K is convex)
=cl{A'A | e K", (Ax —b,\) =0}  (by part (a)).

Note that the formula we obtain generalizes those obtained for the cones K = {0}
and K = {y ¢ R™ | y <0} in class: for K = {0}, we obtain K* = R™ and
Az — b = 0, so there are no constraints on \. If K = {y € R™ | y <0}, then
K*={deR™| d>0}, and so A > 0, and we also have the complementary
slackness constraint (Az — b, \) = 0.

Using the notation of part (b), the problem is simply to minimize f(x) over z € Z.
Therefore, a necessary condition for a local optimum is

0 € Vf(a®) + [Tz(a")]" = Vf(a") + Ng(a").

Plugging in the above formula for Nz(z), and dropping the “cl” operation as
assumed, we obtain the generalized Karush-Kuhn-Tucker conditions

Vi) + AT\ =0 A€ K (Az* — b, \*) = 0.

J?(y) = sup,cp{zy — %az2} The supremand is a differentiable concave function,
so we just set %(xy — %x2) = 0 obtaining y — x = 0, that is, z = y. Substituing

-~

xr =y into xy — %xQ, we have f(y) = y* — %y2 = %yQ. Thus, in this case, f = f.



(b) In this case, we have

f(y) = sup {zy — 0}

z€[a,b]
ax, ifx <0
0, ifx=0
bx, if x>0

(actually, all three formulas agree when x = 0).

(c) Here, we have f(y) = sup,cp{zy — €*}. Note that if y < 0, then we have
lim, . o (zy — €*) = +o0, and so the supremum is +oco. For y = 0, we have
]?(0) = sup,g{—€"} = 0 (although this sup is not attained). For y > 0, we note
that we are maximizing a differentiable concave function, and so try setting the
derivative of the supremand to 0:

0
—(zy—e")=0 & y—e"=0 & y=e€e <& z=logy.

ox
Substituting x = log y into xy — e*, we obtain ]/‘\(y) = (logy)y —e'°8¥ = ylogy —y.
Summarizing,
R ylogy—y, y>0,
fly)=14 0, y=0,
+00, y < 0.

Note (not part of the assignment): by using L’Hopital’s rule, it is possible to show

o~

that lim,o(ylogy —y) = 0, so f is right-continuous at 0; however, it turns out
that f is not differentiable at 0, nor does it have any subgradients there.



