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Solutions to Homework 7

1. Let G be the duality-generating function of the convexified problem (3), that is,

T ; _ _
G(x,u):{cx’ ifreconvX, Ar —b+u=0

400, otherwise.

We wish to show that clconv F' = G, that is, clconvepi F' = epiG. Denoting the
members of the finite set X by x!,..., 2", we have

epi FF={(z,u,2) | € X, Ax —b+u=0,2>c'z}
={(x,b—Ax,c'z+7r) | x€ X, r>0}
:{(a:i,b—A:ci,cT:ci+r) | izl,...,N,rZO}

epiG = {(z,u,2) | r€convX, Axr —b+u=0,z>c'z}
={(z,b—Ax,c'z+7r) | x €conv X, r>0}

Now, any x € conv X may be written Zfil a;x', where we have ay,...,ay > 0 and
Zﬁil a; = 1. So we may express any (z,u, z) € epi G as
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establishing that it is a convex combination of points from epi F', and hence a member
of convepi F' and thus of clconvepi F. So, epi G C clconvepi F.

Now consider any member of conv epi F', which must be expressible as a convex combi-
nation of points in epi F', which in turn are expressible as (z',b — Ax’, "2’ + ), where
1 <i< N and r > 0. Thus, any member of convepi F' has the form

(x,u,z) Z B(z'®) b — Azt ®) Tt ) o),



where i(k) € {1,..., N} for each k, (y,..., Bk > 0, and ZkK:L“_ B, = 1. We then have
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where x = Zk lﬁkx ) € conv X and we let r = Zk 1 Beri > 0. Thus, the point is
a member of epi G, and we have convepi F' C epiG. Since conv X is a polyhedral set
(described by a finite number of linear constraints), we see from the form of epi G that
it is also polyhedral, and hence closed. This means that clconvepi F' C epi G as well.
Therefore, clconvepi F' = epi G, and so clconv F = G.

Next, we claim that the respective dual functions F™* = —Fand G* = —G are equal, for
which it is sufficient to show that ' = G. Note that both F and G are bounded below
,,,,, ~n{c"z'}, so neither can take the value —oo, and both must have an affine
mlnorant In view of this fact, we note that since epi G is nonempty and polyhedral,
G must be closed, proper and convex. Because G is closed proper convex, both ' and
G have affine minorants, and we have proved clconv F' = G, we respectively have
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Because they were each obtained by taking a conjugate, we also know that F and G
are closed proper convex functions, which means that

= F.
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Since we know G = [ = G, it then follows that G= F\, and so [™* = G*.

Note that since epi G is polyhedral, it is clear that II(epi () is also polyhedral and thus
closed. We have already shown that G is closed proper convex, and it is clearly also
dual feasible, since conv X must be bounded, and so the corresponding dual function
G*(0,\) = inf econv x{c"@ + (X, Az — b)} cannot be —oo. Thus, strong duality holds
for G, and the maximum value of G*(0, -) is exactly the optimum value of (3). Because

= G*, the maximum value of F*(0,-) is also the optimum value of (3). Of course,
this is usually lower than the optimum value inf,{ F'(x, 0)} of the corresponding discrete
problem.

. In the general Rockafellar duality setup, as covered in class, we can find a subgradient
of —q(A\) = —F*(0,\) = F(0,\) as follows:

k+1

e Find some %! attaining the infimum over z in ¢(A¥) = inf, {L(x, \¥)}.

+1

e Identify some u**! attaining the minimum over u in

L(xF 2R = ir&f{F(wkH, u) — (\F u)}



e This u**! is a subgradient of —q at A*.

In this particular case, the Lagrangian has the form

as proved on the previous homework. When minimizing L(x, \¥) with respect to x in
the first step of the procedure above, we may ignore the constant —g(\¥), obtaining

" € Arg min, g { f(7) + (\F, Az)} = Arg min, cg. {f(z) + (ATAF, 2)}.

Now, we must find v**! attaining the infimum in the formula the Lagrangian, that is,

L(2F+1 ) \F) = inf {F (2", u) — (A\*,u)}. In this case, we have

inf{ /(1) + g(Aa* ) — (A ),

or, ignoring the constant f(z**1),

i%f{g(A?L‘k+1 +u) — (A, u)}.

Making a change of variables y = Az**! 4 u, hence u = y — Az**!, we can equivalently
find y**! attaining the inf in either of

inf{g(y) — A,y — A"} = inf{g(y) — (A, y)} + A",

and then set u**! = yF+1 — Az**1. Once we have identified this subgradient u**!, we
calculate

>\k+1 — )\k o akuk+1

— )\k _ &k(yk+1 o Axk—f—l)
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Thus, the overall subgradient iteration may be written

2* € Arg min, {f(x) + (ATA\F 2)}

y™*' € Arg min {g(y) — (\*, )}
)\k—&-l — )\kz + ak(AZL'k+1 . yk—i-l).

Note that this calculation acheives decomposition: we have two separate minimands,
one involving f, and the other involving g, but we do not have to minimize any ex-
pression simultaneously involving both f and g.



